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Perfect fluids coupled to inhomogeneities in the late Universe
Alexander Zhuk∗
Astronomical Observatory, Odessa National University, Street Dvoryanskaya 2, Odessa 65082, Ukraine
We consider the Universe at the late stage of its evolution and deep inside the cell of uniformity.
At such scales, the Universe is highly inhomogeneous and is filled with inhomogeneities in the form
of galaxies and the groups of galaxies. We also suggest that the Universe is filled with a perfect
fluid, and its fluctuations have peculiar velocities of the same (non-relativistic) order of magnitude
as for the inhomogeneities. In this sense, the inhomogeneities (e.g. galaxies) and fluctuations of
perfect fluids are coupled with each other. We clarify some important points of this approach and
present a brief review of previous studies (e.g. CPL model and Chaplygin gas). We demonstrate
that considered perfect fluids which satisfy our approach are really coupled to galaxies concentrating
around them. The averaged (over the whole Universe) value of their fluctuations is equal to zero.
PACS numbers: 98.80.-k, 98.80.Bp, 95.36.+x, 95.35.+d
I. INTRODUCTION
The modern observations clearly indicate that our Uni-
verse is dark. Nearly 96% of the mass-energy balance
consists of dark energy and dark matter. However, the
nature of these two constituents is still unclear. To ex-
plain them, it was proposed a rather big number of theo-
ries where these dark sides were modeled by different per-
fect fluids. The cosmological constant with the equation
of state parameter w = −1 is the simplest example of it.
The accelerating expansion of the late Universe is usually
studied on the homogeneous and isotropic Friedmannian
background. On the other hand, deep inside the scale of
homogeneity (of the order of 150-370 Mpc [1–3]) the Uni-
verse is filled with discrete inhomogeneities in the form
of galaxies, groups and clusters of galaxies. These inho-
mogeneities disturb the background Friedmann Universe
which can be filled also with mentioned above perfect
fluids.
The observations show that in the late Universe the pe-
culiar velocities of galaxies and the groups and clusters
of galaxies are highly non-relativistic. It is of interest to
investigate a possibility that fluctuations of perfect fluids
also acquire non-relativistic peculiar velocities, i.e. they
are of the order of the peculiar velocities of dust-like mat-
ter (e.g. galaxies). In this sense, the inhomogeneities in
the form of galaxies and fluctuations of perfect fluids are
coupled with each other. Really, we shall show that if
this happens, the perturbations of the energy density of
perfect fluids can be concentrated around the galaxies
screening their gravitational potentials. This is a very
specific form of perfect fluids. However, they can play
an important role (e.g. in the form of dark matter) dis-
tributing around galaxies in such a way that to solve the
problem of flatness of the rotation curves [4, 5].
The main aim of this article is to clarify the notion
of coupled fluids. To do it, we review some previous re-
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sults and demonstrate which of perfect fluids can satisfy
our approach and which not. We show that satisfactory
perfect fluids are really coupled to galaxies concentrating
around them. In Sec. II, we briefly describe the theory of
scalar perturbations for the coupled perfect fluids. In Sec.
III, we consider perfect fluids with the constant negative
equation of state (EoS) parameter w = const < 0. Then,
in Sec. IV, we demonstrate that the CPL parametriza-
tion of the EoS cannot represent the coupled perfect fluid.
Sec. V is devoted to the Chaplygin gas model. Then, in
Sec. VI, the total gravitational potential of the system
is obtained for a special type of the coupled fluids. The
main results are summarized in the concluding Sec. VII.
II. SCALAR PERTURBATIONS
We consider the Universe at late stage of its evolution.
We suppose that Universe is filled with pressureless mat-
ter (baryonic and dark), radiation, the cosmological con-
stant and a perfect fluid. The latter can represent dark
energy. This is not necessarily the case. For this reason,
we have included also the cosmological constant. At dis-
tances being much larger than the scales of homogeneity,
the Universe is well described by the homogeneous and
isotropic FLRW metric
ds2 = a2(dη2 − γαβdxαdxβ) (1)
and the following Friedmann equation
2
a2
(H′ −H2 −K) =
− κ
(
T
0
0 (CDM) + εrad + εX + prad + pX
)
, (2)
where H ≡ a′/a ≡ (da/dη)/a, κ ≡ 8piGN/c4 (c is the
speed of light and GN is the Newtonian gravitational
constant) and K = −1, 0,+1 stands for open, flat and
closed Universes, respectively. Conformal time η and
synchronous time t are connected as cdt = adη. Fur-
ther, T
i
k (CDM) is the average energy-momentum tensor
2of the pressureless (dust-like) matter. This matter con-
sists both visible and dark components in spite of the
notation ”CDM”. For such matter the energy density
T
0
0 (CDM) = ρ cc
2/a3 is the only nonzero component, here
ρ c = const is the average comoving rest mass density [3].
As usual, for radiation we have the EoS prad = (1/3)εrad.
A barotropic perfect fluid has the equation of state (EoS)
pX = pX(εX).
Deep inside the cell of uniformity the Universe is highly
inhomogeneous. Here, to describe the dynamical be-
havior of inhomogeneities, we can apply mechanical ap-
proach proposed in [3, 6, 7] (see also [8] for the generaliza-
tion to nonlinear f(R) gravity). In the framework of the
mechanical approach galaxies, dwarf galaxies and clus-
ters of galaxies (composed of baryonic and dark matter)
are considered as separate compact objects. Moreover,
at distances much greater than their characteristic sizes
they can be described well as point-like matter sources.
This is a generalization of the well-known astrophysical
approach [9] (see §106) for the case of the dynamical cos-
mological background. Usually, the gravitational fields of
galaxies are weak and their peculiar velocities are much
smaller than the speed of light. These inhomogeneities
together with fluctuations of other matter sources result
in scalar perturbations of the FLRW metric:
ds2 = a2
[
(1 + 2Φ)dη2 − (1− 2Φ)γαβdxαdxβ
]
. (3)
In the mechanical approach, the gravitational potential
satisfies the following system of equations [6]:
∆Φ− 3H(Φ′ +HΦ) + 3KΦ
=
1
2
κa2
(
δT 00 (CDM) + δεX + δεrad
)
, (4)
∂
∂xβ
(Φ′ +HΦ) = 0 , (5)
Φ′′ + 3HΦ′ + (2H′ +H2)Φ−KΦ
=
1
2
κa2 (δpX + δprad) , (6)
where the Laplace operator △ is defined with respect to
the conformal spatial metric. Here, we took into account
that all types of fluids are coupled to the inhomogeneities
(i.e. galaxies). This means that the peculiar velocities of
their fluctuations are the same order as peculiar velocities
of the inhomogeneities. For this reason, the right hand
side (r.h.s.) of Eq. (5) is equal to zero (see details in
[6]). This is the crucial point. Then, from Eq. (5) we get
immediately that
Φ(η, r) =
ϕ(r)
c2a(η)
, (7)
where ϕ(r) is a function of all comoving spatial coordi-
nates, and we have introduced c2 in the denominator for
convenience. In the surrounding of an inhomogeneity,
the comoving potential has an asymptotic behavior (see
e.g. Sec. VI): ϕ(r) ∼ 1/r for r → 0, and the nonrela-
tivistic gravitational potential Φ(η, r) ∼ 1/(ar) = 1/R,
where R = ar is the physical distance. Hence, Φ has
the correct Newtonian limit near the inhomogeneities.
As we shall see additionally, in the most physically in-
teresting cases fluctuations of the energy density of the
coupled perfect fluids δεX are concentrated around in-
homogeneities. Therefore, these perfect fluids are really
coupled.
Obviously (see e.g. [10]),
δprad =
1
3
δεrad ⇒ δεrad ∼ 1
a4
(8)
and from the definition of the EoS of a barotropic perfect
fluid we also get
δpX =
∂pX
∂εX
δεX . (9)
Concerning the fluctuations of the matter sources,
δT 00 (CDM), it can be easily seen from Eq. (2.23) in [3]
that these fluctuations read δT 00 (CDM) = δρc c
2/a3 +
(ρcc
2/a3)[3Φ + αΦ2 + βΦ3 + ...] where α and β are
some constants. Taking into account Eq. (7), we get
Φ/a3 ∼ O(1/a4), Φ2/a3 ∼ O(1/a5), Φ3/a3 ∼ O(1/a6)
and so on. Since we consider linear perturbations, we
should drop the terms Φ2,Φ3, . . . . In what follows, we
will keep terms up to the order O(1/a4) inclusive. There-
fore,
δT 00 (CDM) =
δρc c
2
a3
+
3ρc c
2Φ
a3
, (10)
where δρ c is the difference between the real and average
comoving rest mass densities: δρc = ρ c − ρ c.
Let us now analyze Eqs. (4) and (6). Taking into
account Eqs. (7), (2) and (10), we can rewrite them as
follows:
∆Φ + 3KΦ
=
1
2
κa2
(
δρc c
2
a3
+
3ρcc
2Φ
a3
+ δεX + δεrad
)
(11)
and
−
(
ρc c
2
a3
+ εrad + εX + prad + pX
)
Φ = δpX + δprad .
(12)
Since according to the accuracy of our investigation we
should keep terms up to O(1/a4) inclusive, the terms
εradΦ and pradΦ should be dropped from the latter equa-
tions because they are of the order O(1/a5):
− (εX + pX)Φ = δpX +
ρcc
2Φ
a3
+ δprad . (13)
In what follows, it is convenient to split δεrad into two
parts:
δεrad ≡ δεrad1 + δεrad2 , (14)
3where
δεrad1 ≡ −3ρcϕ
a4
. (15)
Then, Eqs. (11) and (13) read:
△ϕ+ 3Kϕ− κc
4
2
δρc =
κc2a3
2
δεX +
κc2a3
2
δεrad2 (16)
and
− (εX + pX)
ϕ
c2a
=
∂pX
∂εX
δεX +
1
3
δεrad2 , (17)
where we used Eqs. (7)-(9). These are our master equa-
tions. Obviously, the case pX = 0 is excluded here be-
cause it corresponds to the dust-like matter which was
already taken into account in these equations. Already
here, we arrive at one important conclusion. The l.h.s. of
Eq. (16) does not depend on time. Therefore, the same
should hold true for its r.h.s. Hence, a perfect fluid can
be coupled if it satisfies this condition.
Let us now investigate some of the popular models of
perfect fluids to check whether they can be coupled fluids
or not.
III. PERFECT FLUID WITH THE CONSTANT
NEGATIVE EOS PARAMETER
First, we consider a perfect fluid with the constant
negative parameter of EoS:
pX = wεX , w = const < 0 . (18)
From the conservation equation we have
εX =
(a0
a
)3(1+w)
εX,0 , (19)
where a0 and εX,0 are the scale factor and the energy
density of the considered perfect fluid at the present time.
Further, for fluctuations of this matter we have
δpX = wδεX . (20)
Therefore, Eq. (17) gives
δεX = − ϕ
c2a
1 + w
w
ε¯X − 1
3w
δεrad2 . (21)
Substituting this relation into (16), we arrive at the fol-
lowing equation:
△ϕ+ 3Kϕ− κc
4
2
δρc
= −κϕ
2
1 + w
w
a2ε¯X +
κc2a3
2
(
1− 1
3w
)
δεrad2 .(22)
We should determine now conditions which provide the
time independence of the r.h.s. of this equation. Because
δεrad2 ∼ 1/a4, we must demand that δεrad2 ≡ 0 (there is
no possibility that the term with ε¯X and the term with
δεrad2 cancel each other). Therefore, there are only two
values of w which do not contradict this equation. They
are w = −1 and w = −1/3. The former case reduces to
the standard ΛCDM model considered in [3]. The latter
case w = −1/3 was considered in detail in [11] in the
absence of radiation and briefly in [10] in the presence
of radiation. Therefore, if we exclude the ΛCDM case1,
there is only one possibility for the considered fluid to be
coupled. This is the w = −1/3 case. Then, the fluctua-
tion of the perfect fluid reads
δεX = 2
(a0
a
)2 εX,0
c2a
ϕ . (23)
IV. CPL AND OTHER MODELS WITH LINEAR
PARAMETRIZATION OF EOS
In the CPL model (i.e. X ≡ CPL) [12, 13] the parame-
ter of EoS is the linear function with respect to the scale
factor of the Universe:
pCPL = w(a)εCPL, w(a) = w0 + w1
(
1− a
a0
)
,(24)
w1 6= 0 ,
where a0 represents the scale factor of the Universe at
the present time. We consider this EoS to be valid for a
definite period of time in the past (e.g., from last scat-
tering [13]). We also suppose that this EoS is still valid
for some period of time in the future.
From the conservation equation we easily get
εCPL = Aa
−3(1+w0+w1)e3w1a/a0 , (25)
where A is a constant of integration. With the help of
this equation and definition (9), we obtain the expression
for the fluctuation of the CPL fluid pressure:
δpCPL =
(
w − w1εCPL
a0
da
dεCPL
)
δεCPL (26)
=
[
w0 + w1
(
1− a
a0
)
− 1
3
w1
w1 − a0a (1 + w0 + w1)
]
δεCPL .
1 For the ΛCDM model (i.e. w = −1) fluctuations are absent,
as it is easily seen from Eq. (21) where δεrad2 = 0, so dark
energy represented by the cosmological constant Λ is truly ho-
mogeneous. Here, we cannot speak about coupling between the
inhomogeneities in the form of galaxies and fluctuations of dark
energy. Therefore, in spite of the fact that the ΛCDM model
satisfies our approach, we cannot call it the coupled fluid in the
accepted above sense.
4Then, we can determine δεCPL from Eq. (17):
δεCPL = −Aϕ
c2
a−3(1+w0+w1)−1e3w1β
× (1 + w0 + w1 (1− β))
2
w0 + w1 (1− 2β/3) + (w0 + w1 (1− β))2
(27)
− 1
3
δεrad2
1 + w0 + w1 (1− β)
w0 + w1 (1− 2β/3) + (w0 + w1 (1− β))2
,
where for convenience we have introduced the notation
β ≡ a/a0. Consequently, Eq. (16) takes the form
△ϕ+ 3Kϕ− κc
4
2
δρc = −Aκϕ
2
a−3(1+w0+w1)+2e3w1β
× (1 + w0 + w1 (1− β))
2
w0 + w1 (1− 2β/3) + (w0 + w1 (1− β))2
+
κc2a3
2
δεrad2
×
[
1− 1
3
1 + w0 + w1 (1− β)
w0 + w1 (1− 2β/3) + (w0 + w1 (1− β))2
]
. (28)
Since the l.h.s. of this equation does not depend on
time, either each of two remaining expressions are also
independent of time (within our accuracy O(1/a), bear-
ing in mind that the r.h.s. of (28) has been multiplied
by a3), or they must cancel each other at any arbitrary
moment of time. Can this be the case? The second as-
sumption that the second and third terms on the r.h.s.
of Eq. (28) can cancel each other at any arbitrary mo-
ment of time does not work because of the presence of the
exponential (with respect to the scale factor a) function
exp(3w1β) which is linearly independent from the power
functions. It can be easily seen that the first assump-
tion does not work as well in the case w1 6= 0 (see the
details in [10]). Therefore, perfect fluids with the CPL
parametrization cannot be coupled fluids.
By performing an analysis similar to the one carried
above in this section, we conclude that models with the
following linear parametrization of EoS:
w(z) = w0 − w1z = w0 + w1
(
1− a0
a
)
, (29)
w(t) = w0 + w1
(
1− t
t0
)
(30)
also cannot represent the coupled fluids [10].
V. CHAPLYGIN GAS MODEL
The barotropic perfect fluid called the modified gener-
alized Chaplygin gas (mGCG) (here, X ≡Ch) is charac-
terized by the equation of state (EoS) [14]
pCh = βε¯Ch− (1+ β)
A
ε¯αCh
, β, α 6= −1 andA 6= 0 , (31)
where β, A and α are the constant parameters of the
model. Then, the conservation equation results in the
following dependence of the energy density on the scale
factor a:
ε¯Ch = ε¯Ch,0
[
As + (1−As)
(a0
a
)3ξ] 11+α
, (32)
where
ξ ≡ (1 + β)(1 + α) (33)
and a0 and ε¯Ch,0 are the current values of the scale factor
and the energy density of the mGCG, and As ≡ A/ε¯1+αCh,0.
Here, we exclude the case As = 0, as it corresponds to
A = 0, and the case As = 1 because it reduces to the triv-
ial cosmological constant case. A simple analysis shows
that the late time acceleration of the Universe takes place
if ξ > 0, and the Chaplygin gas behaves asymptotically as
the cosmological constant. In what follows, we consider
only this case.
According to the formula (9), we get from Eq. (32)
δpCh =
As(ξ − 1) + (1−As)β(a0a )3ξ
As + (1 −As)(a0a )3ξ
δεCh . (34)
Then, taking into account Eqs. (31) and (32), we get from
Eq. (17) the expression for δεCh:
δεCh = −
[
As + (1−As)
(a0
a
)3ξ] 11+α
× (1 −As)(1 + β)(
a0
a )
3ξ
As(ξ − 1) + (1−As)β(a0a )3ξ
ε¯Ch,0
c2a
ϕ (35)
−1
3
As + (1 −As)
(
a0
a
)3ξ
As(ξ − 1) + (1−As)β
(
a0
a
)3ξ δεrad2 .
Now, we can investigate the consistency of Eq. (16)
with δεCh given in Eq. (35) for different values of ξ. As
we mentioned above, the system of Eqs. (16) and (17) was
derived for the late Universe, i.e. for rather big values of
the scale factor a, starting e.g. from the present mo-
ment. To get these equations, we neglect terms o(1/a4).
This means that fluctuation δεX should be defined up
to O(1/a4) inclusive. Obviously, the larger the value of
a, the more accurate our mechanical approach is. That
is, it should work perfectly in the future Universe. On
the other hand, Eq. (35) and consequently (16) are con-
siderably simplified in the approximation of big values
of the scale factor, a, as we are neglecting terms of the
order o(1/a4). Following this prescription, we first ex-
pand the expression (35) in powers of 1/a, neglecting
terms o(1/a4). Then we substitute this expression into
Eq. (16) and analyse the consistency of the equation ob-
tained. The equation is considered consistent if its r.h.s.
does not depend on time up to terms O(1/a) inclusive
(bearing in mind that the r.h.s. of this equation has been
multiplied by a3). It is clear that the result depends on
the values of the parameters of the model. If we can
define the sets of parameters which make this equation
5consistent, then we could claim that the corresponding
Chaplygin gas can represent the coupled fluid.
As we can see from Eq. (35), the powers of the ratio
(1/a) are mainly defined by the parameter ξ. Therefore,
it makes sense to investigate this equation separately for
different values of ξ. As it follows from [15], the most
interesting physical case corresponds to 0 < ξ < 1. In
this case, for big values of the scale factor, a, the mGCG
fluctuation (35) is approximated as
δεCh ≈ 1 + β
1− ξ
1− As
As
A
1
1+α
s
(a0
a
)3ξ ε¯Ch,0
c2a
ϕ
+
1
3(1− ξ)δεrad2 , (36)
and after substituting it in Eq. (16) we get
△ϕ+ 3Kϕ− κc
4
2
δρc
=
1 + β
1− ξ
1−As
As
A
1
1+α
s
(a0
a
)3ξ κa2ε¯Ch,0
2
ϕ
+
(
1 +
1
3(1− ξ)
)
κc2a3
2
δεrad2 . (37)
Now, we need to find conditions under which the r.h.s.
of this equation is independent of time. Because −2 <
3ξ− 2 < 1, the first term on the r.h.s. in Eq. (37) cannot
be compensated by the second one, which behaves as
δεrad2 ∼ 1/a4. The only way to solve this problem is to
put δεrad2 ≡ 0 and to make the first term in Eq. (37)
independent on time. The latter condition takes place if
3ξ − 2 = 0 ⇒ ξ = 2/3. Then, the mGCG fluctuation
reads
δεCh = 3(1 + β)
1−As
As
A
1
1+α
s
(a0
a
)2 ε¯Ch,0
c2a
ϕ . (38)
VI. GRAVITATIONAL POTENTIAL
In this section we consider one of the most physically
interesting cases δεrad2 = 0. Both models of coupled
fluids found in sections III and V belong to this case.
Then, for the fluctuations δεX we get from (17):
δεX = −
[
(εX + pX)/
∂pX
∂εX
]
ϕ
c2a
≡ EX(a) ϕ
c2a
6= 0 . (39)
Here, we introduced a function EX(a) which depends on
the form of the EoS of a perfect fluid. The case pX =
0 was excluded from the consideration, and, since we
consider non-zero fluctuations δεX, we also exclude the
case pX = −εX. Therefore, Eq. (16) reads
△ϕ+ 3Kϕ− κc
4
2
δρc =
κc2a3
2
EX(a)
ϕ
c2a
. (40)
Obviously, this equation is self-consistent only if the func-
tion EX(a) has the following asymptotic behavior for big
values of the scale factor a:
EX(a) =
AX
a2
+ o(1/a3) . (41)
This is the necessary and sufficient condition for the cou-
pled fluids in the considered case. For example, from
Eqs. (23) and (38) for the coupled perfect fluids with the
parameter of the EoS w = −1/3 and Chaplygin gas, we
have respectively:
AX = 2(a0)
2εX,0 , (42)
ACh = 3(1 + β)
1 −As
As
A
1
1+α
s (a0)
2
ε¯Ch,0 . (43)
It is worth noting that in the former case, terms o(1/a3)
in formula (41) are absent.
Then, Eq. (40) takes the form
△ϕ+
(
3K− κAX
2
)
ϕ =
κc4
2
(ρc − ρc) . (44)
With the help of the substitution
ϕ = φ+ λ2
κc4
2
ρc , (45)
where
λ2 ≡
[
κAX
2
− 3K
]−1
, (46)
Eq. (44) takes the Hemholtz form:
△φ− 1
λ2
φ =
κc4
2
ρc , (47)
where the comoving rest mass density of the inhomo-
geneities (e.g. galaxies of the masses mi) is [3, 11]:
ρc =
1√
γ
∑
i
miδ(r− ri) . (48)
Obviously, we first can find a solution for a single mass
mi of an inhomogeneity and then apply the superposition
principle to get a total solution. Solutions of Eq. (47)
depend on the type of the spatial topology of the Uni-
verse, i.e. on the sign of K. They were investigated in
detail in [11] for any sign of K. It is shown there that the
coupled fluids result in the screening of the gravitational
potentials of inhomogeneities. For example, in the case
of the flat space K = 0, the solution for a single mass mi
and for a proper boundary conditions is:
φi = −GNmi
r
exp(−r/λ) , 0 < r < +∞ . (49)
The total gravitational potential takes the form
ϕ = −GN
∑
i
mi
|r− ri| exp (−|r− ri|/λ) + λ
2 4piGNρc .
(50)
6Eq. (39) shows that the perfect fluid fluctuations are
proportional to the total potential:
δεX ∝ ϕ . (51)
This relation results to two important conclusions for the
considered coupled fluids. First, such perfect fluids are
concentrated around the inhomogeneities (e.g. galaxies)
screening their gravitational potentials. Therefore, these
perfect fluids are really coupled to the inhomogeneities.
Second, the averaged over the whole Universe fluctua-
tions are connected with the averaged value of the total
gravitational potential: δεX ∝ ϕ. It is not difficult to
show that the averaged value of the total potential (45)
(where φ is the solution of (47)) is equal to zero [11]. It
takes place for any sign of K. Hence, the averaged value
of fluctuation is also equal to zero: δεX = 0. This is a
physically reasonable result.
VII. CONCLUSIONS
In the present paper we have considered our Universe
at the late stage of its evolution and deep inside the cell
of uniformity. At such scales the Universe is highly in-
homogeneous: we can clearly see the inhomogeneities in
the form of galaxies and the group of galaxies. We have
also suggested that the Universe is filled with a perfect
fluid which can be dark energy. It was supposed that
fluctuations of these perfect fluids and inhomogeneities
are coupled to each other. These means that they have
peculiar velocities of the same (non-relativistic!) order
of magnitude. A theory of scalar perturbations for such
coupled fluids was developed in [3, 6, 10]. In the present
paper, we have clarified some points of this approach
and have reviewed previous results [10, 11, 15]. We have
demonstrated that considered perfect fluids which satisfy
our approach are really coupled to galaxies concentrat-
ing around them. The averaged (over the whole Uni-
verse) value of their fluctuations is equal to zero. It is
worth noting that minimal scalar field can also be cou-
pled to galaxies [16]. The same concerns dark matter
and dark energy, interacting with each other in the non-
gravitational way [17].
It is of interest to generalize the mechanical approach
to the case of non-zero peculiar velocities and for all cos-
mological scales. For the ΛCDM model and a specific
perfect fluid model, such generalization was performed
in the recent papers [18, 19]. It make sense to investigate
also perfect fluids considered in our present paper and
to see the transition from the more general case to the
coupled fluid case.
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